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Question : Is the trefoil knot trivial ?
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Is the trefoil knot trivial ?

Trefoil Trivial
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X aset,a,be X

a b b a<b

N /
h e

b a<b a b

Positive crossing Negative crossing

Invariant : number of colourings of a diagram by X
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Quandles

A quandle is a set X with a law < which satisfies the following
properties :

is bijective.
a — a<b J

Q (a<b)<xc=(a<c)<(b<c)
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Quandles

A quandle is a set X with a law < which satisfies the following

properties :
QO aga=a
a a
J (RI)
—
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a<a a
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Quandles

A quandle is a set X with a law < which satisfies the following
properties :

X X
e¢b'a <

is bijective.

—
— a<b
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Knot colourings and quandles

Quandles
A quandle is a set X with a law < which satisfies the following

properties :

Q (a<b)<xc=(a<c)<(b<c)
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Examples of quandles

o Conjugation quandle : G a group, g <h= hlgh
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Examples of quandles

o Conjugation quandle : G a group, g <h= hlgh

o Alexander quandle : X = Z/,,Z with t € (Z/nZ)X:
adb=ta+(1—1t)b
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Examples of quandles

o Conjugation quandle : G a group, g <h= hlgh
o Alexander quandle : X = Z/nZ with t € (Z/nz)x,
a<lb=ta+(1—-1t)b
Note Ds the dihedral quandle (Alexander quandle with t = —1) of

order 3.
0 1
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B
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Structure group VS second homology group

Structure group and inner automorphisms group

Gx = (e, b € X | esep = epeaqp) B3

|

X — X
Inn(X):<¢b: N a<b>CSX S3

o Gx and Inn(X) act on X from the right

@ These actions give the same orbits
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Second cohomology group
d X x X — A

<

a<b

Contributes for Contributes for

+¢(3a b) _¢(3’ b)
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Second cohomology group
d X x X — A
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Structure group VS second homology group

Second cohomology group
d X x X — A

< S/lm

N

— \ A

(e}

a<b o j A
Contributes for ~ Contributes for Z ¢ Z Z‘
+¢(a, b). —¢(a, b). o G

2-cocycle condition :
o(a, b) + p(a<ab,c) = ¢(a,c)+Ppla<c,b<c).
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Eisermann’s formula

Degree morphism :
Gx —
e, +—
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Eisermann’s formula

Degree morphism :
GX — Z
e +H— 1

Theorem (Eisermann, 06)

Let (X, <) be a quandle. Note O the set of the orbits of X under

the action of Gx, and (xa)aco be a family of representatives of the
orbits. Then

HS(X) = @D [Stabe, (xa) N ker(e)]ab

acO
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Sketch of the proof

a
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Sketch of the proof

HA(X) = D [m(caylo(X),xa)] o = PIstabe, () Nker()]as

aceO aceO
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Alexander quandles

n prime and t = —1

a # b, consider e,ep € Gx and define d := b — a.
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Alexander quandles

n prime and t = —1

a # b, consider e,ep € Gx and define d := b — a.
We have
€32€p = €p€3qb = €p€2p—3a-
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n prime and t = —1

a # b, consider e,ep € Gx and define d := b — a.
We have
€32€p = €p€3qb = €p€2p—3a-

Then d' = (2b—a) — b= b — a=d is called preserved quantity.
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n prime and t = —1

a # b, consider e,ep € Gx and define d := b — a.
We have
€32€p = €p€3qb = €p€2p—3a-

Then d' = (2b—a) — b= b — a=d is called preserved quantity.
n is prime : we can do it n times before getting back e,ep.
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Alexander quandles

n prime and t = —1

a # b, consider e,ep € Gx and define d := b — a.
We have

€a€p = €p€aab = €pE2p—a-

Then d' = (2b—a) — b= b — a=d is called preserved quantity.
n is prime : we can do it n times before getting back e,ep.

Theorem

If n is prime and t = —1, then Vg € Gy,

eg(g)—l

g = €d

where d is the preserved quantity. Then, we have

HR(X) = {0}.
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Rewriting techniques for n prime and t =1 — t

Theorem (Clauwens, 2010)

Let Al,; be the Alexander quandle of cardinal n prime and
parameter t. Then

Gaie =L/ p7 ¥ Z
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exander quandles

Rewriting techniques for n prime and t =1 — t

Theorem (Clauwens, 2010)

Let Al, ¢ be the Alexander quandle of cardinal n prime and
parameter t. Then
Gaie =L/ p7 ¥ Z

The group presentation of Gx gives an action of B, on X" by
Oi - (XLy ey Xiy Xig 1y ooy Xn) = (X5 ooy Xig1, X <UXiq 15 - - - Xn)-
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Rewriting techniques for n prime and t =1 — t

Theorem (Clauwens, 2010)

Let Al, ¢ be the Alexander quandle of cardinal n prime and
parameter t. Then
Gaie =L/ p7 ¥ Z

The group presentation of Gx gives an action of B, on X" by
Oi - (XLy ey Xiy Xig 1y ooy Xn) = (X1, oo Xig1, X <UXi4 15 - - - Xn)-
For a t such that t =1 — t, g0y ‘o - (i, —ti, ti) = (0,0, ti) :
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Rewriting techniques for n prime and t =1 — t

Theorem (Clauwens, 2010)

Let Al, ¢ be the Alexander quandle of cardinal n prime and
parameter t. Then
Gaie =L/ p7 ¥ Z

The group presentation of Gx gives an action of B, on X" by
Oi - (XLy ey Xiy Xig 1y ooy Xn) = (X1, oo Xig1, X <UXi4 15 - - - Xn)-
For a t such that t =1 — t, g0y ‘o - (i, —ti, ti) = (0,0, ti) :

€i€_ti€i =  CiCtiCt(ti+(—ti)) = €i€ti€0 = €0€i€ = Co€oCti.

o2 0.1— 1 o2

Adrien Clément Associated groups of quandles



up

Structure group (c
Alexander quandles

Rewriting techniques for n prime and t =1 — t

Theorem (Clauwens, 2010)

Let Al, ¢ be the Alexander quandle of cardinal n prime and
parameter t. Then

Gaie =L/ p7 ¥ Z

The group presentation of Gx gives an action of B, on X" by
Oi - (XLy ey Xiy Xig 1y ooy Xn) = (X1, oo Xig1, X <UXi4 15 - - - Xn)-
For a t such that t =1 — t, g0y ‘o - (i, —ti, ti) = (0,0, ti) :

€i€_ti€i =  CiCtiCt(ti+(—ti)) = €i€ti€0 = €0€i€ = Co€oCti.

o2 0.1— 1 o2

Then,
2
€i€_ti = €.
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Thank you for your attention !
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